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Abstract 

We study the nonlinear supersymmetric hyperbolic sigma model introduced by 
Zirnbauer in 1991. This model can be related to the mixing measure of a vertex- 
reinforced jump process. We prove that the two-point correlation function has 
a probabilistic interpretation in terms of connectivity in rooted random spanning 
forests. Using this interpretation, we dominate the two-point correlation function 
for general pinning, e.g. for uniform pinning, with the corresponding correlation 
function with pinning at one point. The result holds for a general finite graph, 
asymptotically as the strength of the pinning converges to zero. Specializing this to 
general ladder graphs, we deduce in the same asymptotic regime exponential decay 
of correlations for general pinning. 


1 Introduction 

History of the model. The nonlinear sigma model that we consider here was intro¬ 
duced by Zirnbauer in |Zir91] as a toy model inspired by random matrices in the context 
of disordered materials. It can be seen as a statistical mechanical model where spins are 
replaced by vectors with both real and Grassmann components. We associate with each 
point two real and two Grassmann variables parametrizing a supersymmetric extension of 
the hyperbolic plane. Therefore the model is often denoted by In dimension three 

and higher, a phase transition between a localized (disordered) and an extended (ordered) 
phase was proved by Disertori, Spencer, and Zirnbauer in |DSZin] and |DSin] . 

After integrating out the Grassmann variables in the nonlinear sigma model, the cor¬ 
responding marginal is a probability measure. It was shown by Sabot and Tarres in 
lEIl that this marginal has an interpretation as a mixing measure for a vertex-reinforced 
jump process and can also be related to linearly edge-reinforced random walk. Exploiting 
the former relation, the results in |DSZin] and |DSin] were used by Sabot and Tarres 
in |ST] to deduce recurrence for vertex-reinforced jump processes in all dimensions for 
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small initial weights and transience in dimensions d > 3 for large initial weights. For lin¬ 
early edge-reinforced random walks, Sabot and Tarres proved recurrence in all dimensions 
for small initial weights. An alternative proof, without using the connection to was 
given by Angel, Crawford, and Kozma in |ACK14j . In dimensions d> 3, Disertori, Sabot, 
and Tarres showed in [DST14j transience for linearly edge-reinforced random walks for 
large initial weights using techniques similar to the one used in |DSZ10] . In |DMR14j . we 
proved recurrence for vertex-reinforced jump processes on general ladder graphs with ar¬ 
bitrary constant initial weights using the connection to just mentioned and a transfer 
operator method applied to 

Aim of this paper. Without a regularization the model is ill-dehned. On a lattice, 
the most natural choice is to introduce a translationally invariant regularization. This 
is equivalent to introduce a constant “magnetic held” e in the corresponding statistical 
mechanics model. This magnetic held at point j can be interpreted as a “pinning”, forcing 
the spin at point j to remain near a certain value. Then, a constant magnetic held can 
be seen as uniform pinning. Another possibility is to take an inhomogeneous magnetic 
held, the easiest choice being pinning at a single point. 

In this paper, we consider the model on a hnite connected undirected graph Q, rather 
than only lattices. The pinning can also be seen as a modihcation of the underlying graph 
as follows. We augment Q by an additional vertex p in two diherent ways. In the case 
of uniform pinning, p is connected to every other vertex. In the case of pinning at one 
point, p is only connected to a single vertex in Q. When ^ is a lattice or a ladder graph, 
the hrst graph has a nonlocal structure since the graph distance between any two vertices 
is bounded by 2, whereas the second graph remains local. 

In the case of ladder graphs, the local structure for pinning at one point allowed us to 
prove exponential decay of correlations for arbitrary inverse temperature /5; see |DMR14j . 
However, due to the nonlocal structure of the augmented graph, a similar method is not 
directly applicable for uniform pinning. 

The aim of this paper is to bound the expectation of the Green’s function in the case 
of uniform (or general) pinning with the corresponding Green’s function for pinning at 
one point, asymptotically as £ —;■ 0, for any inverse temperature /? > 0. This result holds 
for general hnite graphs. Specializing it down to ladder graphs, it allows us to transfer 
known bounds for pinning at one point to the case of the Green’s function for uniform 
pinning. 

How this paper is organized. In Section [21 the model is formally dehned and the 
results are stated. In Subsection 13.11 we relate the Green’s function with a probability 
concerning certain random spanning trees. Subsection 13.21 contains the proof of the com¬ 
parison between the different pinnings. The model with pinning at one point has a 
product structure when passing to gradient variables, that the model with uniform 
pinning does not exhibit. This product structure is explained in the appendix. 
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2 Model and results 


2.1 Formal definition 

Let Q = (F, E) be a finite connected graph with vertex set V and edge set E, consisting 
of nndirected edges i ^ j. We extend Q by adding an extra vertex p and edges i p 
connecting it to every other vertex i. The extended graph is denoted by Qp := {Vp,Ep) 
with := F U {p} and i?p := i? U {(z ~ p) : z G F}. 

We attach to every edge z ~ j of Qp an edge weight = fiji > 0. In particular, for 
z G F, the edge z ~ p gets the weight I3ip =: Si > 0. We assume that > 0 for at least 
one vertex z G F. To every vertex z G F, we associate two real variables tj and Sj, and 
abbreviate t := {ti)i(zv and s := (sj)jgy Furthermore, we set tp := 0 and Sp := 0. For 
i,j G Vp, we define 

s) := cosh(fi - tj) + (2.1) 

In particular, for z G F, we have 

Bip{t, s) = cosh(fi) + (2.2) 

In the following, we study an equivalent version of the model where the contribution 
from Grassmann variables is replaced by a sum over spanning trees T of Qp. Let T denote 
the set of spanning trees of Qp. We identify every tree with its edge set. The spanning 
trees T of Qp are in a natural one-to-one correspondence with rooted spanning forests of 
Q as follows. Given T E T, the corresponding spanning forest has the edge set 

F{T) :=TnE (2.3) 

and the set of roots 


R{T) := {z G F : (i ~ p) G T}. (2.4) 

Using this notation, we have for t G and T eT 

JJ = Yl Yl (2-5) 

h~i)6T i&RiT) 

In this representation, is described by the following probability measure on M^x T 
p^{dtdsdT) := dtjdsjC — s)-i) JJ" ( 2 . 6 ) 

j€V {i^j)€T 


n 

j€V 


dtjdsjC b 


dT n 






n 




n Yl 


{i^j)(iF(T) 


i&R{T) 


where dtj and dsj, j E F, denote the Lebesgue measure on R and dT is the counting mea¬ 
sure on T. As is shown in |DSZ10j . using supersymmetry and the equivalent description 
in terms of Grassmann variables, is a probability measure. 
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For convenience, we suppress the dependence of on Q and (3 in the notation. The 
symbols t, s, and T are used in two slightly different ways: On the one hand, they denote 
the canonical projections on x R'^ x T. On the other hand, the same symbols are 
used as integration (or summation) variables. 

Consider the matrix A{t) G dehned by 



k€V: 

0 


for (z ~ j) G E, 
for i = j, 


else. 


(2,7) 


Let AP(t) denote the analog of A{t) when the underlying graph is Qp instead of Q and let 
£ be the following diagonal matrix: 


£ := diag(£ie*%z G V). 


( 2 . 8 ) 


Deleting the row and the column indexed by p from we get the matrix AP{t)pOpc = 

A{t) + £(f). Hence, by the well-known matrix tree theorem (see [Abd04] for a generalized 
version), 


det{A(t) + s) = det {A^{t)pcpc) = ^ (2.9) 

TgT (i^j)&T 


Consequently, the (t, s)-marginal of is precisely the supersymmetric sigma model stud¬ 
ied e.g. in [DSlOj . 


2.2 Results 

The proofs of all results stated here are given in Section [31 Let x, y G C be two different 
vertices and tt* > 0, z G C, be hxed numbers with 7Tx,7iy > 0. Given e > 0, we set 
s = {£i)iev = (7rje)jgy. We are interested in the following Green’s function 

GJ,:=e‘'+‘.(yl(f) + i(()).-'. (2.10) 

It has the following probabilistic interpretation in terms of random weighted spanning 
trees: 


Lemma 2.1 There is a version of the conditional law of given t that fulfills 

rieGS 


PgAT = s) = 


for SeT, 


( 2 . 11 ) 


J2s'€T rie'gS' (^) 

T 

with f3e{t) := for e = {i ^ j)- Writing x y if x and y are connected in the 

spanning tree T through a path which does not use p, we have 

pix~\~iy 


GL. = 


xy 




-P/ 3 ,z({(a^ ^ p) & T and x y} U {{y p) E T and x O y}). (2.12) 
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We define 


■— _ 1 (2 13 ') 

+ TlyC^y {(a:~p)GT and xS-y}' ^ ‘ 

As a consequence of Lemma 12.11 one has 

GJ, = + 0;M = EAOly + OJJt], (2.14) 

The expression Ey_e[-\t] stands for the conditional expectation given t. 

We denote by ^ the vector with coordinate at x and coordinates 0 at all 
other locations. Our main theorem can now be phrased as follows. 


Theorem 2.2 Let tTi > 0, i G V, be fixed numbers with 7Tx,TTy > 0. VTe have the following 
asymptotic comparison between the supersymmetric sigma model with arbitrary pinning 
£ = {£i)iev = {'^a)i€V 0 ,'iT'd with pinning at one point: 

0 < yvmeEye[Gly] < Im {Eye^^s^ [Ofy] + E^eySy < oo (2.15) 

In particular, the two limits exist. 


Remark. It is important that in fl2.15p we keep the random variable Ofy with the 
original vr. Indeed, if we replaced Ofy by Ofy^^ we would get 


E, 




[Olf] = Ey 


.^X^X 






Tlrr 


(2.16) 


by formula (lA.7p in the appendix, 
decay in \y — x\. 


This bound would give no information on eventual 


Ladder graphs. In the special case of quasi-one-dimensional graphs this theorem im¬ 
plies exponential decay of the expectation of G^y. More precisely, consider a hnite undi¬ 
rected graph Go = (Vo,i?o) with vertex set Vq and edge set Eq. Let Q = iV,E) be the 
“ladder” built of copies Gn = {VnjEn), n G Z, of Gq. More precisely, we take the ver¬ 
tex sets V := Z X Vq and 14 := {n} x Vq, where the copy at level 0 is identified with 
Gq. The edge set E consists of “vertical” edges e„ := ((n,n) ~ {n,v')) with n E Z and 
e = (n ~ n') G Eq and “horizontal” edges Vn+ 1/2 ■= {{n,v) ^ {n + Iw)) with n E Z 
and n G Vo- For L,LeN, we set L := (—L, L) and denote by Ql the subgraph of Q 
consisting of the vertex set 14 := {—L, ■ ■ ■ ,L} x Vq and the edge set El containing all 
edges e E E connecting two vertices in I4. We associate with every edge e E E a. weight 
fie > 0. We assume that the family of weights fi := {fie)eeE is translation invariant in the 
sense fie„ = fieo and fiv„+i /2 ~ ldvi /2 all n G Z, e G Eq, and n G Vq. For x = {n, v) 
and y = {m,w) in V, their horizontal distance is defined by \x — y\ := \n — m\. Let 
denote the distribution of the supersymmetric sigma model on the graph Ql with pinning 
£ = (£i)jgVL = {^'^i)i£VLi where vr* > 0, f G 14, with at least one TTj > 0. 
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Corollary 2.3 There exist constants ci, C 2 > 0 depending only on Gq and (3 such that for 
any L, any two different vertices x,y & Vl with > 0, and c^^ir) := min{7ra;, 

one has 


0 < limeE^.jGly] < (2.17) 

For sufficiently small f > 0, the methods from |DS10j can be used to prove a version of 
fl2.17p not only for the limit as e 0, but also for given e > 0 small enough. In contrast, 
our result holds for arbitrary f > 0, but only asymptotically for e 0. 

3 Proofs 

3.1 Probabilistic interpretation of G^y 

Let Q and Qp be the graphs introduced in Section 12.11 Without loss of generality, we 
assume V = {l,...,n} throughout this subsection. Recall that T denotes the set of 
spanning trees of Qp. We will use the dehnitions fl2.3p of the forest F{T) and fl2.4p of the 

set of roots R(T). Finally, recall that x -H- y iS x and y are connected in F{T). For any 
x,y E V, let 


Txy '.= {T E T : X E R{T) and x ^ y}. (3.1) 

For the proof of Lemma [2.11 we need the following result. 

Lemma 3.1 Consider x,y E V and a real symmetric matrix M G with Mij = 0 

whenever i j and there is no edge between i and j. Then, the determinant of the minor 
of M obtained by taking away the column x and the row y is given by 


detMyc^c = 

n 


T^'Txy 

igR(T)\{x} 

Kiev J 


n 

(i~i)GF(T) 


(3.2) 


Proof. In the case that Q is the complete undirected graph with vertex set V, this is 
the special case of Theorem 1 of Abdesselam’s article |Abd04] for a symmetric matrix M 
when the index sets / and J are replaced by singletons {y}, {x} C {1,..., n}, respectively. 
Note that the sign e{F) appearing in Abdesselam’s formula equals 1 in our special case 
because I = {y} and J = {x} are singletons. Since Mij = 0 whenever i ^ j and there is 
no edge between i and j, formula fl3.2p remains literally true if we replace the complete 
graph by the given graph Q. ■ 

Proof of Lemma 12.IL The tree dependent part of the density of /i^ in (12.6p is given 
by neGr/^e(0i '^ote that s and T are conditionally independent given t. Consequently, 
formula fl2.1ip describes indeed the law of T conditional on t. 
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By definition fl2.10p . it holds 


e-<‘-+‘.)G', = (A(t) + £(()).-■ 


det(v4(t) + £{t)) 


(3,3) 


For the nnmerator, we use Lemma 13.11 with M = A{t) + e. Clearly, all columns of A{t) 
sum up to 0. Consequently, for all j G V, one has 


^ ^ Afjj — '^^(Aij(t) + £ij) — £jj — £je A (3-4) 

i€V i&V 

Furthermore, for {i ~ j) G F{T), T E T, one has —Mij = Using this, formula 

(E2]) yields 


(_!)*+?/ det(A(f) + £{t))y.^. = ^ 


n 

jeR{T)\{x} 


£j&^^ 


n 




(3.5) 


{i^j)GF{T) 

Multiplying this equation by and using formula fl2.5p . we get 


(_l)®+2^£;^g*a; -j- S(t))ycx<^ — ^ ^ 

TGTxy 


n 

j£R{T) 


(i~j)GF(T) 


= E n 

TGTxy 


(3.6) 


Hence, using fl2.9p for the denominator, we obtain 


£xe^^{A{t) + e{t))^^ 


=(-U-+y. ,.^. det(H(t)+s(t)),c,. 

det(H(t) + e{t)) 

_ '^TeT^y Il{i^j)&T 

X)reT n(i~j)eT 

=Pp,tiT e Txy) = p) eT and x ^ y). 


(3.7) 


Exchanging x and y and using the symmetry of A{t) + £{t), we get 

£ye^y{A{t) + £it))~y =Pp,t{T e Tyx) = PyAiv ~ p) e T and x O y). (3.8) 

Since x ^ y, the sets Txy and Tyx are disjoint. Hence, P/ 3 ,t{T ^ Txy) + P/ 3 ,t{T ^ Tyx) = 
Pp,t{T £ Txy U Tyx)- Finally, we add fl3.7p and fl3.8p and insert them into fl3.3p to obtain 
the claim fl2.12p . ■ 
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3.2 Comparing different pinnings 

We write the random variable O'^y defined in fl2.13p as a sum; 

^xy = ^xy^{RiT)={x}} + ^xy^{\RiT)\>l} ■ (3-9) 

Note that we have C>J^l{|/j(r)|=i} = ^xy^{RiT)={x}} because O'^y contains the indicator 
function of the event {(x p) 6 T}. 

The proof of Theorem 12.21 is based on Lemmas 13.21 and 13.41 below, dealing with the 
first and second summand in fl3.9l) . respectively. Surprisingly, the main mass contributing 
to the expectation of the first and second summand in fl3.9p comes from quite different 
locations; see also the explanations following formula fl3.31l) . below. On the one hand, 
values (t, s) with tj ^ — log e carry most of the mass for the expectation of 0^yl^j{(^T)={x}}- 
On the other hand, the main contribution to the expectation of C>Jlyl{|H(r)|>i} comes from 
values (t,s) with tj ~ +loge. Thus, for small e > 0, in the two expectations the main 
masses sit at opposite ends. As we shall see, the main contribution comes from the term 
with precisely one root at x. We examine this contribution first. 

Lemma 3.2 (Contribution of one root) For all e > 0, 

Et,4^xy^{R{T)={x}}] . (3.10) 


Furthermore, 


0 <\imE^e[Ol liR^T)={x}}] = lim^^e... 

e4.0 ^ e4,0 

< limE [Ol ] < min | —— I . 

40 ^ ^ TTy ) 

In particular all the displayed limits exist. 


O 


xy 


E. 


i&V 


TTiC-l 


n 

ien\{x} 




(3.11) 


The proof will be a consequence of a more general result, where the family e is replaced 
by another family ea and the random variable 0'^yl{ji(^T)={x}} is multiplied by an additional 
factor %. 

Take a = {ai)i^v with a* > 0 for all i and > 0 and an additional density function 

X : —)■ (0,1]. We will study the expectation 

Ey.^o.[x{t + \oge)Olyl{R(j)={x}}\-, (3-12) 

where we abbreviate t + log e := (tj + log e)i^v The main contribution to the expectation 
coming from values of the tj’s close to — loge motivates us to shift the tj’s by loge. For 
this purpose, we introduce new variables: 

t' := tj + loge, Sj := e“^(si — Sx) for all i eV. 
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(3.13) 














With this dehnition, s'^ = 0. Therefore, we will use as new integration variables (tQjgy, 
Sx, and For any hxed conhguration t', s' of these new variables, we consider an 

auxiliary random variable S' on some probability space, taking values s' with probabilities 


Pa,'AS' = 0 : = 


t' 


i e V, 


(3.14) 


where 


Za,t' ■= ^ aA'i 


(3.15) 


iev 


is the normalizing constant. We denote by Ea,\s' and Vaia^'^s' the corresponding ex¬ 
pectation and variance operators, respectively. In order to have a compact notation, we 
abbreviate in the following 


K^dt'ds') := 


dt', e 


jev 


271 


n <^‘1 n' 

(ir^j)eE 


3 a') 1) 


Ter {ir^j)(7F{T) 


t' -Ft' 


TtI 


TTye^y x-^-y} 


(3,16) 


Note that k depends also on the fixed quantities vr, and on the vertices x,y, 

although this is not displayed. We remind that s(, = 0 by construction. 

Lemma 3.3 With all the definitions above, we have 

[X{t + log e)Olyl{R(T) = {x}}] 

I K{dt'ds') 


lRVxRV\{x} 


ieV 


t, 


eiO 


K(<it'*') jq e ■ a^xV) > 0, 


(3.17) 


lRVx]RV\{x} 


iev 


Proof. Note that on the event {R{T) = {x}}, the root contribution in fl2.5p is given by 
ea^e*^. Using fl2.6p . we get 


[x{t + loge)C>^j^l{ij(T)={x}}] 

= '^ f j-j- dtjdsjC jj- 


jev Wj)&E 

o^x ~\~ty 




iev 


{ir-j)eF{T) 


eaxe*^x{t + log e)-?- 


Fxe'"" + 'FyCS {.R(r)={a:} and x-t^ty} 


(3.18) 
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Changing variables according to fl3.13p . we get (s^ — = (s' — s')^e**^b and 


[X{^ + log ^)^ly^{R{T)={x}}\ 


j€V 

n 

i&V 

• x{t') 


dt'j ee h 


[ ds, [ TT eds'j TT 


g 1) 


jGV\{ir} {i'^j)GE 


g—^ai(e^'*'H-e^e — 2eH-(esJ+Sx)^e^^) 


n f‘i 


€-"e‘<+‘; ■ arf‘ 


(i~i)eF(r) 


_1 f' _|_f' 
g -*-g^'aj “‘'y 


TTj-e'^^ + TT^e*!' {■fJ(^)={^} and x-i^y} 


=gcEigv«i / dg 


'RVxRV\{a;} 


K^dt'ds') 


g-iai(e'i+e 2 e 'i+(es'+Sx)^e*i) 


«xX(^')- (3-19) 


ieV 


For counting powers of e in the last equality, we have used that F{T) is a spanning tree 
of Q for |-R(r)| = 1 and consequently |-F(T)| = \V\ — 1. Next we integrate out s^. In 
terms of the auxiliary random variable S' as specified in fl3.14p . the part of the exponent 
in fl3.19p containing can be rewritten as follows: 


^^ajeh(es^ + —Za,t'Ea,t',s'[{^S' + s^)^] 

iev 

,s' i,^S Sx) “h S Sj,] 

,s'i,S ) F Zdi' i^aEdii gi\^S ] S Sx) 


This yields 


/ dsx exp 

-- ^ aie*'(es' -f- SxY 

/R 

i&V 


= exp 


■^e2Var,,,.,(5') 


dsx exp 


Znf 


{^Ea^t' ,s'[S'] + Sx) 


2tt 


exp 


^a.t' 


e^VaTa,t',AS') 


(3.20) 


(3.21) 


Inserting this into (I3.19p . we obtain the equality claimed in (I3.17p . 

The e-dependent integrand in (I3.17p increases as e J, 0. Hence, by the monotone 
convergence theorem, we get the claimed limit. ■ 

Proof of Lemma 13.2L To prove (13.101) . we compare two special cases of formula (13.171) 
in Lemma [3.3p namely X = 1 with hrst a = tt and second a = tVxSx- For a = tTxSx we have 
Var^^ 5 ^,t/,^/(S") = 0, hence 




'7T,t' 


i£V 


n g-^TrXe'i+e^e ‘i) ^ / 2 tt ^ ^-l7r3;(e'l+£^e 

V 




(3.22) 
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Inserting this in the equality in Lemma 13.31 yields claim fl3.10p as follows 


e ^i<^v^iE^e[Olyl{R^T)={x}}] <e 


c Z7' j 

O' 


[Oil(R(T).(.))l = (3-23) 


Note that the event {R(T) = {x}} holds //^“"'^^-almost surely. 

To prove the remaining claim fl3.1ip . we compare three special cases of formula fl3.17l) 
in Lemma [3.31 
Case 1: a = n, X = Ij 


Case 2: a = tt^Sx, xi^') = 




n 


— 


T,iev ’Tie** 


n 

*eV\{3;} 


g-ie7rie‘i. 


Case 3: a = 'Kx^x-, X = 1- 
Note that 



2-k 




T < 


2tt 




(3.24) 


Consequently, the limits in (I3.17p for the hrst two cases coincide, while the limit in the 
third case yields an upper bound for the other two cases. Hence, 


0 < E^e [Oxyl{R{T)={x}}] 


= lim 

64.0 ^ 


o: 


^yV 


iGV\{3;} 


-fevTie^i ^ 


{R(T)={x}} 




(3.25) 


Recall that the event {R{T) = {x}} holds /i^^^^'-almost surely. Consequently, we can drop 
the indicator function in the last two expectations. 

Next, we argue that the last limit is hnite. Clearly, from fl2.13p . we have 


E>xy < min 



By formula flA.7D in the appendix, we conclude 



(3.26) 


(3.27) 


Since the upper bound is independent of e, we have the same bound for the limit: 
Eye.s, [O^y] < min{7^-^7^-l}. ■ 

The next lemma deals with the lower order corrections coming from forests with at 
least two roots. 
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Lemma 3.4 (Contribution of at least two roots) 




(3.28) 


Proof. Let 5 be a fixed spanning tree of Q. We drop the interaction terms — > 0 

along the edges {i ^ j) ^ S' U {x ~ p}. This yields 


EA^ly^{\R{T)\>l}\ - l{|i?(T)|>l} 


Ter 


jj- dtjdsje h 


3 1 ) 


j&V 




iev 

Ter 


n n 


{i^j)eE 

o^x~\~ty 

-1 


{i^j)GF{T) 


i&R{T) 


+ Tlye^y {(a:~p)GT and xi^y} 


JJ- dtjdsjC b JJ- 


iev 


g (-Bij(t,s) 1) ^ g e3;(Bxp(t,s) 1) 


(i^j)£S 


n A 

(i^j)eF(T) 




n 

ier(T) 


EiC- 


'^11 


(3.29) 


In the following, we first change variables to Sx and gradient variables Sij := Si — Sj, 
(i ~ j) G S', along the spanning tree S', where the edges in S are oriented in a fixed, bnt 
arbitrary way. Since S' is a spanning tree, this is a well defined coordinate change. Then 
we integrate the new variables ont. 


f.h.s. in fl3.29l) = ^ 1 


{|r(T)|>i} 


Ter 


n 

j€V 


dtj e S' 
27r 


/ n n ' 

]rs (*~i)es' (i~i)GS 

^ X] l{|r(T)|>i} / JJ 
Ter j&v 




^-e^{cosht^-l+^sle^^) 


n Yl 


(i~i)eT(T) 


ier(T) 


TToi 


^ -ea:(cOsht2;-l) 2 

- - * o Caj fc- 




Next, we set 


(i^j)&F{T) 


ier(T) 


TT^i 


4 := tx - log e, r := U - - log e 


(3.30) 


(3.31) 


for i E V. In particular, Tx = 0; thus, we use and Ti, i E V \ {x}, as new integration 
variables. Note that this substitution is different from the one in the proof of Lemma 
Heuristically speaking, the reason is that in the case of |i?(T)| > 1 most of the mass of 
the tx-integral is located near tx ^ + loge, while in the case of one root R(T) = {x} the 
mass is essentially located near tx ^ — log e. To do the power counting for e and in 
the following calculation, we use 


|F(T)| + |B(r)| = \V,\ - 1 = VI = |S| + 1. (3.32) 
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We obtain 




TeT 


S\f^ 


f TT ‘* TT I 

'"''''■'ii\b) (Ws 


-l3ij{cosh{Ti-Tj)-l) 0 2 g-lg-iig-|(n+r,- 

r'lj 


n 


^2g2t^+n+r^ 1-|- . 


{ir^j)GF{T) 


=ee" 


El 

Ter 


JJ e-TTiC 

i&R{T) 

dt' 


ee 


'K'ti 


{|R(r)|>i} 






'^x 


f TT ^ ^ TT |■g-/3i3(cosh(ri-r,■)-l)^ 2 g-|(ri+Tj)j 

/Kn{-} \/^ r- ■fcQ' 

jGn\{x} (*~j)65 


n n 


TTje 


(i~i)eF(T) 


iGR{T) 


'^11 


(3.33) 


.Ex^2„t' 


Next, we drop the term e 2 "^ ® < 1 . For any T with |i?(r)| > 2, we obtain 

f i^g(|-|R(T)|y^g-^p2e4+e-‘i) ^ f J^g(|-|R(T)|)tig-^e-‘i 

Jm Jr \/^ 

=:c4(7r, |i?(T)|) < cx). 


(3.34) 


Note that in this integral, the integrand decays superexponentially for t'^ near —00 and 
exponentially for near + 00 . Thus, we get 


(Id.33|) ^ l{|iJ(T)|>i}C4(7r, \R{T)\)7rx 


TeT 


ndjTj 6 


-^T/x r i ^TT 

jGV\{x} 


J-J jg-/3iFcosh(r,-rp-l)^^^jg-i(ri+r,)j JJ ^.^.gU+r^ JJ 


TTiC 




( 2 ^j)gS' 

=:ee"’""C5(7r,/5,^). 


(i~i)GF(r) 


ieR[T) 


TTti 


(3.35) 


Note that c^{t:,I3,Q) < 00 because the product over e ^^boshFi rp 1 ] (jggg^yg superexpo¬ 
nentially fast (recall that = 0). Summarizing, we get 


0 < l,|«(T)|>i)l < £e“-C5(7r,/J.e) ^ 0 


(3.36) 


The main theorem 12.21 is now proved by a combination of Lemmas 13.21 and 13.41 
Proof of Theorem 12.21 From fl3.9l) . we get 

^^^4^xy] = ^l^4^xy^{RiT)={x}}] + Ef,e[0^yl{\R{T)\>l}]- (3.37) 
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Combining this with Lemma 13.21 and Lemma 13.41 yields 


{XWmE^epl] = limL^^. 

e4.0 e^i) 


o: 


TT^e ■ 


^yy 


n 

iGy\{a:} 


g-^ETTie ^ 


< lim E 
£4-0 


[OJ.] < 


oo. 


Using fl2.14p . we obtain 


(3.38) 


(3.39) 


[Gly] — Eye [O'^y + Oy^] . 

Applying fl3.38p twice, as it is and with x and y interchanged, the claim follows. ■ 
Finally, specializing the theorem down to ladder graphs, we transfer our results from 
|DMR14j concerning exponential decay of weights in the case of pinning at one point to 
the case of uniform pinning (or more general pinning): 

Proof of Corollary 12.31 Recall that C 3 = minlvTa;, tTj,} We estimate 

01 .. < - r -^ < C3min{e*",e‘^} < (3.40) 


'KxE'^ + 


By Lemma fA.il with respect to , the random variables and 6 4 ha are stochas¬ 
tically independent and the distribution of e4(U-*^) is independent of £x- Furthermore, 
E^e^^s^ [e*^] = 1. Thus, for every e > 0, we have 


Eyi^pOly] = C3E^e.sPepE^e^,s,[ei^^y 

=C3E e^s. = c^E s^ 


(3.41) 


in the last expectation we replaced by 1. 

Let 2 ; denote the copy of x at the level of y, i.e. if x = (n, u) and y = {m,w), then 
2 ; := (m,u). Using the Cauchy Schwarz inequality, we obtain 

E 5 , = E |^g2(U-idgiO.-i^)j < E E ^. (3.42) 


By Theorem 2.1 in |DMR14j . there exist constants cq,cj > 0 depending only on Gq and 
fi such that 


Eys. < 




(3.43) 


For the points y and 2 ; on the same level, estimate (7.6) from |DMR14j states 

Eyl^ < cg (3.44) 

with a constant cg depending only on Go and /3. Summarizing, (I3.4ip - (l3.44p yield 

Ey^.s. Ply] < C3(c6Cg)5e-^^l^-"l =: (3.45) 
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with constants ci{Gq, l3),C2{Go, j3) > 0 uniformly in e > 0. This shows 


40 2 


(3.46) 


Interchanging the roles of x and y, we get the same upper bound for lim^o E^eySy [0\ 
An application of Theorem 12.21 yields the claim. ■ 


yxi 


A Appendix: Product structure of the model with 
single pinning 

When transforming the model with pinning at one point to gradient variables, it 
exhibits a certain product structure coming from scaling symmetry. This is made precise 
in the following lemma. 

Lemma A.l With respect to , the random pair {t^, is independent of the random 
vector consisting of the (rescaled) gradient variables 


• ti txi Sj . (Sj Sx')e )i6V\{3;}' 

The joint distribution of {tx,Sx) with respect to has the density 

l^exp [-£x (cosh4 - 1 + , 

independently of the graph Q. In particular, 

E^exSx\e ] 1 . 

The joint distribution of {t'^, s'f)i^v\{x} does not dependent on Sx- 


(A.l) 


(A.2) 


(A.3) 


Proof. Recall the definition of given in (12. 6 j) . In the special case e = SxSx, the random 
tree T contains almost surely the edge x ^ p, but no other edge of the type i ^ p, 
i ^ X. Hence, we get 


p^^^^{dtds dT) 


jev 




2n 


Wj)&E 






Wj)€F{T) 


Let denote the joint distribution of {tx, Sx, {t'^, s'()i^x)- We set t(, := 0 and s(, := 0. 
Note that (sj — = ( 5 ' _ Changing variables accordingly and denoting 
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the set of spanning trees of the graph ^ by 7g, we obtain 




dt:rdSxe~^^ 1-r dt'^ds'^e 


271 


n 

ien\{3;} 


271 


^-ea:(cOsh(tj;)-l+|s2gta:) 


dixdS'Y'^ 1 


JJ 

{i'-^j)£E 




n 

TgTq {i'^j)GT 




e^(cosh(t^)-l+is2gtx) 


277 


1 —r dt jdS jC ^ 1 —r 

n ^ n 

iGy\{x} [i'^j)&E TeTg (i~j)gT 


D 0ij[Bij{t' ,s') 1] 




(A.5) 


In the special case of the graph Q consisting of only one point x, i.e. V = {x} and E = (/), 
the measure has the density given in flA.2p . Since is a probability measure, the 
density in flA. 2 p is normalized to have total mass one. Consequently, given the product 
structure in flA.Sp . for a general graph Q, the random vectors {tx,Sx) and are 

independent with the claimed hrst marginal and the second marginal not depending on 
Sx- Finally, we calculate 




I exp[-£ 3 .(cosh4 - 1 + dsxdtx 


-£a;(cosh fa; — 1 )] dt^ 



(A.6) 


Using supersymmetry, identity (lA.3p can be generalized as follows. 

Lemma A.2 (Formula (B.3) in [DSZlOj l For any y eV and any choice of £ we have 

(A.7) 


E^4e^y] = 1 . 
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